
� ¤ ç  1.(10 ®çª®¢) �ãáâì ã äã­ªæ¨¨ f : R → R ¢ ª ¦¤®© â®çª¥
x0 áãé¥áâ¢ã¥â ª®­¥ç­ë© ¯à¥¤¥«

g(x0) = lim
x→x0

f(x).

�¥à­® «¨, çâ® äã­ªæ¨ï g(x) ­¥¯à¥àë¢­ ?
�¥è¥­¨¥. �®§ì¬ñ¬ ­¥ª®â®à®¥ x0. �® ®¯à¥¤¥«¥­¨î ¯à¥¤¥« 

∀ε > 0 ∃δ > 0 : ∀x ∈ (x0 − δ, x0) ∪ (x0, x0 + δ) |g(x0)− f(x)| < ε.

� ä¨ªá¨àã¥¬ ε, ¢®§ì¬ñ¬ x1 ∈ (x0 − δ, x0) ∪ (x0, x0 + δ) ¨ ¯¥à¥©¤ñ¬ ¢
­¥à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã x → x1, ¯®«ãç¨¬

∀ε > 0 ∃δ > 0 : ∀x1 ∈ (x0 − δ, x0) ∪ (x0, x0 + δ) |g(x0)− g(x1)| ≤ ε,

çâ® à ¢­®á¨«ì­® ­¥¯à¥àë¢­®áâ¨ g(x) ¢ x0 ¯® ®¯à¥¤¥«¥­¨î.
� ¤ ç  2.(10 ®çª®¢) �ãáâì A | ­¥áç¥â­®¥ ¬­®¦¥áâ¢® ¤¥©áâ¢¨â¥«ì-

­ëå ç¨á¥«. �®ª § âì, çâ® áãé¥áâ¢ã¥â áâà®£® ¢®§à áâ îé ï ¯®á«¥¤®¢ -
â¥«ì­®áâì {an}, ¢á¥ ç«¥­ë ª®â®à®© ¯à¨­ ¤«¥¦ â A.

�¥è¥­¨¥. �«®¢® \áç¥â­®" ¢ íâ®¬ à¥è¥­¨¨ ¡ã¤¥â § ¬¥­®© ¢ëà ¦¥­¨ï
\­¥ ¡®«¥¥ ç¥¬ áç¥â­®".

�ë ¡ã¤¥¬ áâà®¨âì ¯®á«¥¤®¢ â¥«ì­®áâì ¨­¤ãªâ¨¢­®. �®áâ â®ç­® ¤®-
ª § âì, çâ® áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â a1 ∈ A, çâ® A′ = A ∩ (a1; +∞)
­¥áç¥â­®. �®£¤  ¬®¦­® ¡ã¤¥â, ¯à¨¬¥­¨¢ â¥ ¦¥ à ááã¦¤¥­¨ï ª ¬­®¦¥áâ¢ã
A′, ¢ë¡à âì a2 ¨ ­¥áç¥â­®¥ ¬­®¦¥áâ¢® A′′ = A ∩ (a2; +∞) ¨ â.¤.

�á«¨ ª ¦¤®¥ ¨§ ¬­®¦¥áâ¢ Ai = A ∩ [−i; i] áç¥â­®, â® áç¥â­® ¨ A ª ª
®¡ê¥¤¨­¥­¨¥ áç¥â­®£® ç¨á«  áç¥â­ëå ¬­®¦¥áâ¢. �â® ­¥¢®§¬®¦­®; §­ ç¨â,
¯à¨ ­¥ª®â®à®¬ i ¬­®¦¥áâ¢® Ai ­¥áç¥â­®, ¨ ¬®¦­® § ¬¥­¨âì A ­  A∩[−i; i].
�ãáâì a = inf A. �á«¨ ª ¦¤®¥ ¨§ ¬­®¦¥áâ¢ A ∩ [a + 1/n; +∞) áç¥â­®, â®
®¯ïâì ¦¥ A ¡ã¤¥â áç¥â­®, â.ª. A = (A ∩ {a}) ∪ ∪nA ∩ [a + 1/n; +∞).
�ãáâì A∩ [a+1/n0; +∞) ­¥áç¥â­®. �®£¤  ¬®¦­® ¢ë¡à âì a1 ∈ A∩ [a, a+
1/n0) | ®­® áãé¥áâ¢ã¥â ¯® ®¯à¥¤¥«¥­¨î a. �à¨ íâ®¬ ¬­®¦¥áâ¢® A′ =
A∩ (a1; +∞) ¡ã¤¥â ­¥áç¥â­®, â ª ª ª ®­® á®¤¥à¦¨â ­¥áç¥â­®¥ ¬­®¦¥áâ¢®
A ∩ [a + 1/n0; +∞).

� ¤ ç  3.(10 ®çª®¢) �ãáâì T | ­¥¢ëà®¦¤¥­­ ï ¯®«®¦¨â¥«ì­®
®¯à¥¤¥«¥­­ ï á¨¬¬¥âà¨ç­ ï ¬ âà¨æ ; (p, x) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥
¢¥ªâ®à®¢ p, x; A = {x ∈ Rn | (x, Tx) ≤ 1}. � ©â¨

max
x∈A

(p, x).

�¥è¥­¨¥. � ªá¨¬ «ì­®¥ §­ ç¥­¨¥ c äã­ªæ¨ï (p, x) ¡ã¤¥â ¯à¨­¨¬ âì
¯à¨ ãá«®¢¨¨, çâ® ¯«®áª®áâì (p, x) = c ª á ¥âáï ¬­®¦¥áâ¢  A ¢ â®çª¥
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xp ∈ A ¨ «î¡®© á¤¢¨£ ¥¥ ¯® ­®à¬ «¨ p ¤ ¥â ¯«®áª®áâì, ­¥ ¨¬¥îéãî á A
®¡é¨å â®ç¥ª. �®íâ®¬ã λp = ∇(x, Tx)|x=xp = 2Txp ¤«ï ­¥ª®â®à®£® λ > 0,
®âªã¤ 

xp =
λ

2
T−1p, (xp, Txp) =

λ2

4
(p, T−1p) = 1, λ =

2√
〈p, T−1p〉 , xp =

T−1p√
〈p, T−1p〉 ,

max
x∈A

〈p, x〉 =
√
〈p, T−1p〉.

� ¤ çã â ª¦¥ ¬®¦­® à¥è âì á ¯®¬®éìî ¬¥â®¤  ¬­®¦¨â¥«¥© � £à ­¦ .
� ¤ ç  4.(10 ®çª®¢) � âà¨æ  A ®¡à â¨¬ . �¥à­® «¨, çâ® áãé¥áâ-

¢ã¥â ¬­®£®ç«¥­ p â ª®©, çâ® A−1 = p(A)?
�¥è¥­¨¥. �ãáâì det (A− λE) = α0 + α1λ + · · ·+ αn−1λ

n−1 + (−1)nλn.
�à¨ íâ®¬ α0 = det A 6= 0, â.ª. ¬ âà¨æ  A ­¥¢ëà®¦¤¥­ . �® â¥®à¥¬¥ � -
¬¨«ìâ®­ -�í«¨

α0 + α1A + · · ·+ αn−1A
n−1 + (−1)nAn = 0,

®âªã¤  A−1 = p(A), £¤¥ p(λ) = − 1
α0

(α1 + · · ·+ αn−2λ
n−1 + (−1)nλn−1).

� ¤ ç  5.(10 ®çª®¢) �ãáâì P (y) | ¬­®£®ç«¥­ áâ¥¯¥­¨ ­¥ ¬¥­¥¥
¯¥à¢®©. �à¨ ª ª¨å §­ ç¥­¨ïå y0 ∈ R à¥è¥­¨¥ § ¤ ç¨ �®è¨ y′ = P (y),
y(0) = y0, áãé¥áâ¢ã¥â ­  ¯®«ã®á¨ [0, +∞)?

�¥è¥­¨¥. �ãáâì y1 < · · · < ym | ª®à­¨ ¬­®£®ç«¥­ . �á«¨ y0 = yk,
â® à¥è¥­¨¥ y(x) ≡ yk áãé¥áâ¢ã¥â ¯à¨ ¢á¥å x.

�ãáâì y0 ∈ (yk−1, yk). �á«¨ P (y) > 0 ­  (yk−1, yk), â® ¯à®¤®«¦¨¬®áâì
à¥è¥­¨ï ¢¯à ¢® íª¢¨¢ «¥­â­  à áå®¤¨¬®áâ¨ ¨­â¥£à « 

x =

yk∫

y0

dy

P (y)
,

ª®â®à ï ¨¬¥¥â ¬¥áâ® ¯® ¯à¨§­ ªã áà ¢­¥­¨ï. �á«¨ P (y) < 0 ­  (yk−1, yk),
â® ¯à®¤®«¦¨¬®áâì à¥è¥­¨ï ¢¯à ¢® íª¢¨¢ «¥­â­  à áå®¤¨¬®áâ¨ ¨­â¥£-
à « 

x =

yk−1∫

y0

dy

P (y)
,

ª®â®à ï â ª¦¥ ¨¬¥¥â ¬¥áâ®.
�á«¨ y0 > ym, â® ¯à¨ P (y) > 0 ¯à¨ y > ym ¯à®¤®«¦¥­¨¥ ¢¯à ¢® ¨¬¥¥â

¬¥áâ® ¯à¨ à áå®¤¨¬®áâ¨

x =

+∞∫

y0

dy

P (y)
.
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�®á«¥¤­¥¥ ¨¬¥¥â ¬¥áâ® ¯à¨ deg P = 1 ¨ ­¥ ¨¬¥¥â ¬¥áâ  ¢ ¯à®â¨¢­®¬
á«ãç ¥.

�á«¨ P (y) < 0 ¯à¨ y > ym, â® ¯à®¤®«¦¨¬®áâì à¥è¥­¨ï ¢¯à ¢® íª¢¨-
¢ «¥­â­  à áå®¤¨¬®áâ¨ ¨­â¥£à « 

x =

ym∫

y0

dy

P (y)
,

ª®â®à ï ¨¬¥¥â ¬¥áâ®.
�­ «®£¨ç­® ¨áá«¥¤ã¥âáï á«ãç © y0 < y1.
�â ª, ¯à¨ deg P = 1 ¯à®¤®«¦¨¬®áâì ¢¯à ¢® ¨¬¥¥â ¬¥áâ® ¯à¨ «î¡®¬

y0.
�à¨ deg P ≥ 2 ¯à®¤®«¦¨¬®áâì ¢¯à ¢® ¨¬¥¥â ¬¥áâ® â®«ìª® ¯à¨ ­ -

«¨ç¨¨ ª®à­¥© ã P , ª®£¤  y0 «¥¦¨â ¬¥¦¤ã ª®à­ï¬¨ P , ¨«¨ y0 > ym ¨
P (y) < 0 ¯à¨ y > ym, ¨«¨ y0 < y1 ¨ P (y) > 0 ¯à¨ y < y1, ¨«¨ y0 = yk. �
¤àã£¨å á«ãç ïå à¥è¥­¨¥ § ¤ ç¨ �®è¨ ­¥ ¯à®¤®«¦¨¬® ¢¯à ¢®.

� ¤ ç  6.(15 ®çª®¢) �ãáâì f ∈ C2([0, 1]). � ©â¨ min
1∫
0

|f ′′(x)|2 dx

¯à¨ ãá«®¢¨¨ f(0) = f(1) = 0, f ′(0) = 1.
�¥è¥­¨¥. �® ä®à¬ã«¥ �¥©«®à  á ®áâ â®ç­ë¬ ç«¥­®¬ ¢ ¨­â¥£à «ì­®©

ä®à¬¥

f(1) = f ′(0) +

1∫

0

f ′′(t)(1− t) dt,

®âªã¤  ∣∣∣∣∣∣

1∫

0

f ′′(t)(1− t) dt

∣∣∣∣∣∣
= 1.

�® ­¥à ¢¥­áâ¢ã �®è¨ ¨¬¥¥¬

1 ≤
(∫ 1

0

(f ′′(t))2 dt

)1/2

· 1√
3
.

� ¢¥­áâ¢® ¤®áâ¨£­¥âáï, ª®£¤  äã­ªæ¨¨ f ′′(t) ¨ 1 − t ¡ã¤ãâ ¯à®¯®àæ¨®-
­ «ì­ë, ®âªã¤  f(t) = (1/2) · t(t− 1)(t− 2) ¨ ¬¨­¨¬ã¬ à ¢¥­ 3.

� ¤ çã ¬®¦­® à¥è¨âì ¨ á ¯®¬®éìî ¢ à¨ æ¨®­­®£® ¨áç¨á«¥­¨ï.
� ¤ ç  7.(15 ®çª®¢) �®¬¯«¥ªá­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® Cn ¬®¦­®

à áá¬ âà¨¢ âì â ª¦¥ ª ª ¢¥é¥áâ¢¥­­®¥ ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® à §¬¥à-
­®áâ¨ 2n. �®ª § âì, çâ® «î¡®¥ ¢¥é¥áâ¢¥­­®¥ ¯®¤¯à®áâà ­áâ¢® L ⊂ Cn

¢¥é¥áâ¢¥­­®© à §¬¥à­®áâ¨ 2n−1 á®¤¥à¦¨â à®¢­® ®¤­® ª®¬¯«¥ªá­®¥ ¯®¤-
¯à®áâà ­áâ¢® L′ ⊂ Cn ª®¬¯«¥ªá­®© à §¬¥à­®áâ¨ n− 1.
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�¥è¥­¨¥. � áá¬®âà¨¬ ª¢ ¤à â ­®à¬ë ¢ Cn, § ¤ ­­ë© ª ª

‖(z1, . . . , zn)‖2 =
n∑

i=1

|zi|2,

¥£® ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ª¢ ¤à â ¢ á¬ëá«¥ ¢¥é¥áâ¢¥­­®£® áª -
«ïà­®£® ¯à®¨§¢¥¤¥­¨ï

(v, w)R =
1

2
(‖v + w‖2 − ‖v‖2 − ‖w‖2)

¨ ¢ á¬ëá«¥ ª®¬¯«¥ªá­®£® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï

(v, w)C =
n∑

i=0

viwi,

§ ¬¥â¨¬, çâ® ¯à¨ íâ®¬

(v, w)R = Re(v, w)C. (1)

� áá¬®âà¨¬ ­¥­ã«¥¢®© ¢¥ªâ®à, ®àâ®£®­ «ì­ë© L ¢ á¬ëá«¥ (·, ·)R, ¯ãáâì
íâ® ¢¥ªâ®à n. �®£¤  ¬®¦­® ®¯à¥¤¥«¨âì ¥£® ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ¢
á¬ëá«¥ (·, ·)C

L′ = {v ∈ Cn : (n, v)C = 0},
®ç¥¢¨¤­® L′ ⊂ L ¨ ¥£® ª®¬¯«¥ªá­ ï à §¬¥à­®áâì à §¬¥à­®áâì à ¢­  n−1.
�á«¨ áãé¥áâ¢ã¥â ¤àã£®¥ n−1-¬¥à­®¥ ª®¬¯«¥ªá­®¥ ¯®¤¯à®áâà ­áâ¢® L′′ ⊂
L, â® ¯® ®¯à¥¤¥«¥­¨î n

(n, L′′)R = 0 ⇒ ∀α ∈ C (n, αL′′)R = 0,

á«¥¤®¢ â¥«ì­® ¯® ä®à¬ã«¥ (1)

∀α ∈ C Re(n, αL′′)C = Re α(n, L′′)C = 0, ⇒ (n, L′′)C = 0.

�­ ç¨â, L′′ ï¢«ï¥âáï ®àâ®£®­ «ì­ë¬ ¤®¯®«­¥­¨¥¬ ª n ¯® áª «ïà­®¬ã ¯à®-
¨§¢¥¤¥­¨î (·, ·)C, â® ¥áâì L′′ = L′.

� ¤ ç  8.(15 ®çª®¢) �ãáâì äã­ªæ¨ï f : R→ R ­¥¯à¥àë¢­ . �®ª -
§ âì, çâ® ¤«ï «î¡®£® ¨­â¥à¢ «  (a, b) ⊂ R ­ ©¤¥âáï â®çª  x0 ∈ (a, b) ¨
ç¨á«® l â ª¨¥, çâ® ¤«ï ¢á¥å x ∈ R ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

f(x) ≥ f(x0) + l · (x− x0) + o(x− x0), x → x0. (∗)
�¥è¥­¨¥. �ã¤¥¬ ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â âì, çâ® ¤«ï ­¥ª®-

â®à®£® ε > 0 [−ε, ε] ⊂ (a, b); min{f(x) | x ∈ [−ε, ε]} = 0, max{f(x) | x ∈
[−ε, ε]} = M ≥ 0.
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�ãáâì y0(x) = −M
ε2 x2 ¨

t = sup{τ ≥ 0 | y0(x) + τ ≤ f(x), ∀x ∈ [−ε, ε]}.
� á¨«ã ª®¬¯ ªâ­®áâ¨ £à ä¨ª®¢ äã­ªæ¨© f ¨ y0 ­  ®âà¥§ª¥ [−ε, ε]

­ ©¤¥âáï â®çª  x0 ∈ [−ε, ε] â ª ï, çâ® y0(x0)+ t = f(x0); ¯à¨ íâ®¬ y0(x)+
t ≤ f(x) ¤«ï ¢á¥å x ∈ [−ε, ε]. � á â¥«ì­ ï ª ¯ à ¡®«¥ y = y0(x) + t ¢
â®çª¥ x = x0 (¨¬¥îé ï ãà ¢­¥­¨¥ y = −2M

ε2 x0 ·x+f(x0)) ¨ ¥áâì «¨­¥©­ ï
äã­ªæ¨ï ¨§ ¯à ¢®© ç áâ¨ (*).

� ¤ ç  9.(20 ®çª®¢) �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì {tn(q)} á«¥¤ã-
îé¨¬ ®¡à §®¬

t0(q) = 0, tn+1(q) =
q

1− tn(q)
, ¤«ï n ≥ 0.

� ©â¨ ¤«ï ª ¦¤®£® n ≥ 1 ¬¨­¨¬ «ì­®¥ ¤¥©áâ¢¨â¥«ì­®¥ ¯®«®¦¨â¥«ì­®¥
q, ¤«ï ª®â®à®£® tn(q) ®¯à¥¤¥«¥­® ¨ à ¢­® 1.

�¥è¥­¨¥. �ã­ªæ¨ï
f : t → q

1− t

ï¢«ï¥âáï ¯à®¥ªâ¨¢­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ ¯àï¬®©. �ñ ¬ âà¨æ  ¢ ®¤­®à®¤-
­ëå ª®®à¤¨­ â å (t = x/y) ¢ë£«ï¤¨â â ª

A(q) =

(
0 q
−1 1

)
.

�­ ç¨â, ¬ë ¨é¥¬ ¬¨­¨¬ «ì­®¥ q, ¤«ï ª®â®à®£®

A(q)n

(
0
1

)
=

(
x
x

)
(2)

¯à¨ ­¥ª®â®à®¬ ­¥­ã«¥¢®¬ x. � ¬¥â¨¬, çâ® ä®à¬ã«  2 ¢ë¯®«­ï¥âáï
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

A(q)n+1

(
0
1

)
=

(
y
0

)

¨
A(q)n+2

(
0
1

)
=

(
0
z

)

¤«ï ­¥ª®â®àëå ­¥­ã«¥¢ëå y ¨ z. �«¥¤®¢ â¥«ì­®, ¬ë ¨é¥¬ á«ãç ¨, ª®£¤ 
A(q)n+2 ®¡à é ¥â ¢¥ªâ®à (0, 1) ¢ ª®««¨­¥ à­ë© ¥¬ã. �¡®§­ ç¨¬ ¬ âà¨æã
B(q) = 1√

q
A(q). � à ªâ¥à¨áâ¨ç¥áª¨¥ ¬­®£®ç«¥­ë A(q) ¨ B(q) ¢ë£«ï¤ïâ

á«¥¤ãîé¨¬ ®¡à §®¬

PA(λ) = λ2 − λ + q, PB(λ) = λ2 − 1√
q
λ + 1.
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�â ª, ¬ë ¨é¥¬ ¬¨­¨¬ «ì­®¥ ¯®«®¦¨â¥«ì­®¥ q, ¤«ï ª®â®à®£® B(q)n+2

®¡à é ¥â ¢¥ªâ®à (0, 1) ¢ ª®««¨­¥ à­ë© á¥¡¥. � áá¬®âà¨¬ âà¨ á«ãç ï.
� âà¨æ  B(q) ¢ á«ãç ¥ q < 1/4 ¨¬¥¥â ¤¢  à §­ëå ¯®«®¦¨â¥«ì­ëå

á®¡áâ¢¥­­ëå §­ ç¥­¨ï, ¨ (0, 1) ­¥ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬. �«¥-
¤®¢ â¥«ì­® (0, 1) ­¥ ¬®¦¥â ¢¥à­ãâìáï ­  âã ¦¥ ¯àï¬ãî ¯à¨ ¯®á«¥¤®¢ -
â¥«ì­®¬ ¯à¨¬¥­¥­¨¨ B(q), íâ® ®ç¥¢¨¤­® ¢ ¡ §¨á¥ ¨§ á®¡áâ¢¥­­ëå ¢¥ªâ®-
à®¢.

�«ï q = 1/4 ¬ âà¨æ  B(q) ¯®¤®¡­  �®à¤ ­®¢®© ª«¥âª¥, (0, 1) â ª¦¥
­¥ ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ¢¥ªâ®à®¬, ¨ â ª¦¥ (0, 1) ­¥ ¢®§¢à é ¥âáï ­  âã
¦¥ ¯àï¬ãî ¯à¨ ¯®á«¥¤®¢ â¥«ì­®¬ ¯à¨¬¥­¥­¨¨ B(q).

�«ï q > 1/4 ¬ âà¨æ  B(q) ¯®¤®¡­  ¢à é¥­¨î ­  ã£®« α, ®¯à¥¤¥«ï¥-
¬ë© ¨§ ¨­¢ à¨ ­â­®áâ¨ á«¥¤ 

2 cos α =
1√
q
.

�á­®, çâ® α à áâñâ ¯à¨ à®áâ¥ q ­  ¨­â¥à¢ «¥ (1/4, +∞). �­ ç¨â, ¬¨-
­¨¬ «ì­ë© α, ª®â®àë© ¯à¥¢à â¨â ­¥ª®â®àë© (  §­ ç¨â ¨ ¢á¥) ¢¥ªâ®à ¢
ª®««¨­¥ à­ë© ¥¬ã §  n + 2 è £®¢, à ¢¥­

αmin =
π

n + 2
,

  ¥£® á®®â¢¥âáâ¢ãîé¨© ¯ à ¬¥âà q à ¢¥­

qmin =
1

4 cos2
(

π
n+2

) .

� ¤ ç  10.(¯ã­ªâ  ) 10 ®çª®¢, ¯ã­ªâ ¡) 20 ®çª®¢) � áá¬®âà¨¬
¬­®¦¥áâ¢® ¢¥ªâ®à®¢ V16, á®áâ®ïé¥¥ ¨§ ¢á¥å ¢¥ªâ®à®¢ à §¬¥à­®áâ¨ 16, ã
ª®â®àëå ª®®à¤¨­ âë ¯à¨­¨¬ îâ §­ ç¥­¨ï −1, 0, 1, ¨ ª®«¨ç¥áâ¢® ­ã«¥¢ëå
ª®®à¤¨­ â ¢ â®ç­®áâ¨ à ¢­® 8.

�®ª § âì, çâ® ­ ©¤ñâáï ¯®¤¬­®¦¥áâ¢® W ⊆ V16, á®áâ®ïé¥¥ ¨§ ¯®¯ à­®
­¥®àâ®£®­ «ì­ëå ¢¥ªâ®à®¢, à §¬¥à 

 ) ­¥ ¬¥­¥¥ 12000;
¡) ­¥ ¬¥­¥¥ 28000.
�¥è¥­¨¥. �«ï à¥è¥­¨ï ¯ã­ªâ  ( ) ¤®áâ â®ç­® à áá¬®âà¥âì ­ ¡®à U

¨§ ¢¥ªâ®à®¢, ã ª®â®àëå áâ®¨â 1 ­  ¯¥à¢®¬ ¬¥áâ¥, ¨ ¥éñ 7 ¥¤¨­¨æ áâ®ïâ ­ 
®áâ «ì­ëå ¬¥áâ å. �ç¥¢¨¤­®, çâ® áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ «î¡ëå ¤¢ãå
¢¥ªâ®à®¢ ¨§ U ¯®«®¦¨â¥«ì­® ¨ |U | = C7

15 = 6435. � áá¬®âà¥¢ ¬­®¦¥áâ¢®
U ∪ (−U) ¯®«ãç¨¬ ¨áª®¬®¥.

� ¯ã­ªâ¥ (¡) à áá¬®âà¨¬ ¤àã£®¥ ¬­®¦¥áâ¢® U . � §®¡ìñ¬ ¬­®¦¥áâ¢®
ª®®à¤¨­ â ­  ¯¥à¢ë¥ 5 ª®®à¤¨­ â I ¨ ®áâ ¢è¨¥áï 11 ª®®à¤¨­ â J . �®£¤ 
U á®áâ®¨â ¨§
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• ¬­®¦¥áâ¢  U1 ¨§ ¢¥ªâ®à®¢ á âà¥¬ï ¥¤¨­¨æ ¬¨ ¢ I ¨ 5 ¥¤¨­¨æ ¬¨ ¢
J ;

• ¬­®¦¥áâ¢  U2 ¨§ ¢¥ªâ®à®¢ á 4 ¥¤¨­¨æ ¬¨ ¢ I ¨ 4 ¥¤¨­¨æ ¬¨ ¢ J ;

• ¬­®¦¥áâ¢  U3 ¨§ ¢¥ªâ®à®¢ á 4 ¥¤¨­¨æ ¬¨ ¢ I, 3 ¥¤¨­¨æ ¬¨ ¨ ®¤­®©
−1 ¢ J ;

• ¬­®¦¥áâ¢  U4 ¨§ ¢¥ªâ®à®¢ á 5 ¥¤¨­¨æ ¬¨ ¢ I ¨ 3 ¥¤¨­¨æ ¬¨ ¢ J ;

• ¬­®¦¥áâ¢  U5 ¨§ ¢¥ªâ®à®¢ á 5 ¥¤¨­¨æ ¬¨ ¢ I, ¤¢ã¬ï ¥¤¨­¨æ ¬¨ ¨
®¤­®© −1 ¢ J ;

• ¬­®¦¥áâ¢  U6 ¨§ ¢¥ªâ®à®¢ á 5 ¥¤¨­¨æ ¬¨ ¢ I, ®¤­®© ¥¤¨­¨æ¥© ¨
¤¢ã¬ï −1 ¢ J ;

�®¦­® ¯à®¢¥à¨âì ­¥ª®â®àë¬ ¯¥à¥¡®à®¬, çâ® ¢ ¬­®¦¥áâ¢¥ U «î¡ë¥
¤¢  ¢¥ªâ®à  ¨¬¥îâ ¯®«®¦¨â¥«ì­®¥ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥. �£® à §¬¥à

|U | = C3
5C

5
11 + C4

5C
4
11 + C4

5C
3
11C

1
8 + C3

11 + C2
11C

1
9 + C2

11C
1
9 = 14025.

�­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¯ã­ªâã ¯®«ãç ¥âáï ¬­®¦¥áâ¢® W = U ∪ (−U)
¨§ 28050 í«¥¬¥­â®¢.
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